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Time Domain Flutter Analysis of Cascades Using a
Full-Potential Solver

Milind A. Bakhle,* T. S. R. Reddy,t and Theo G. Keith Jr.J
University of Toledo, Toledo, Ohio 43606

A time domain approach is used to determine the aeroelastic stability of a cascade of blades. The structural
model for each blade is a typical section with two degrees of freedom. The aerodynamic model is unsteady,
two-dimensional, full-potential flow through the cascade of airfoils. The unsteady equations of motion for the
structure and the fluid are integrated simultaneously in time starting with a steady flowfield and a small initial
disturbance applied to the airfoils. Each blade is allowed to move independently, and the motion of all blades
is analyzed to determine the aeroelastic stability of the cascade. The airfoil section and structural parameters are
selected to be representative of a propfan. The results are compared with those from a separate frequency
domain analysis based on the same aerodynamic model. Good agreement between the results is observed. Since
the present calculations are meant to validate the time domain approach, only linear examples are considered.
However, with the time domain approach, it is possible to consider nonlinear structural models and nonlinear
force-displacement relations. Because of this, the method allows a more realistic simulation of the motion of the
fluid and the cascade blades that should lead to a better physical understanding.
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Nomenclature
sonic velocity
amplitude, phase, damping, and frequency
parameters in Eq. (10)
airfoil semichord
lift coefficient and steady value of lift
coefficient
moment coefficient about elastic axis and
steady value
airfoil chord
plunging displacement, normal to airfoil
chord
moment of inertia about elastic axis
imaginary part of { )
imaginary unit, V — 1
spring constants for plunging and pitching
reduced frequency, ooc/M^a^
frequency domain aerodynamic
coefficients, Eq. (5)
Mach number
mass of typical section
number of blades in the cascade
lift and moment about elastic axis
radius of gyration about elastic axis,

real part of ( )
static unbalance
gap-to-chord ratio
time
fluid velocity in x and y directions
reduced velocity, M^a
Cartesian coordinates
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= distance between elastic axis and center of
mass, Sa/mb

= pitching displacement about elastic axis
= ratio of specific heats
= stagger angle
= mass ratio, m/irp^b2

= fluid density
= interblade phase angle
= nondimensional time, a^t/c
= time step
= velocity potential
= oscillation frequency
= uncoupled natural frequency for bending

(plunging), \lKh/m
= uncoupled natural frequency for torsion

(pitching), ^jKa/Ia
= nondimensional frequency,

Subscripts and Supercripts
( " ) = d ( ) / d f
( )' =d( )/dr
0 = amplitude of harmonic motion
oo = evaluated at inlet section

Introduction

I N recent years, there has been renewed interest in the use of
turboprop engines for more efficient transport. Research

programs have been under way1 to develop advanced turbo-
props that combine the efficiency of conventional propellers
with the high cruise speeds of turbojets. The result of this
research is a propfan that operates at high subsonic cruise
Mach numbers. However, the thin, twisted, and highly swept
blades of the propfan have shown a susceptibility to a coupled
bending-torsion flutter in attached flow, i.e., classical flutter.2

The traditional approach in flutter calculations of bladed
disks (stators and rotors) has been to apply frequency domain
analysis.3 In this approach, the blade motions are assumed to
be harmonic functions of time with a constant phase lag
between adjacent blades. The equations of motion then reduce
to an eigenvalue probelm; the eigenvalues determine stability.
This analysis is restricted to linear structural equations and
aerodynamic forces that are linearly dependent on the dis-
placements. The unsteady aerodynamic forces used in such an
analysis are typically based on classical linearized potential
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theory4'7 that neglects the effects of blade loading due to
thickness, camber, and angle of attack but allows the use of
efficient semianalytical solution methods.

Over the last decade, researchers8'12 have developed un-
steady aerodynamic linerarizations that include the effects of
real blade geometry, mean blade loading, and transonic flow.
In these analyses, the unsteady flow is regarded as a small-am-
plitude perturbation about a nonuniform steady flow. The
steady flow is governed by nonlinear equations, whereas the
unsteady flow is governed by linear equations with variable
coefficients that depend on the steady flow. A review of this
type of linearization can be found in Ref. 13.

In the present study, the unsteady full-potential equation is
used as the basis of a model that is capable of representing
flows over a wide Mach number range from low subsonic to
supersonic, including transonic flows with weak shocks.14 The
aerodynamic model fully accounts for blade thickness and
camber and angle-of-attack effects. Since the computational
method used to solve the full-potential equation is based on a
time-marching algorithm, it is natural to consider a time do-
main flutter analysis method. The time domain method of
flutter analysis, which is in widespread use in fixed-wing
aeroelasticity,15'16 is based on the simultaneous integration in
time of the equations of motion for the structure and the
fluid.17 The time domain method is not restricted to linear
structural models and does not require the assumption of a
linear relation between aerodynamic loads and blade displace-
ments. The time domain approach allows an accurate repre-
sentation of the onset of flutter in a bladed disk when it
encounters some nonuniformity in an otherwise uniform inlet
flow.

In the present study, the simultaneous time integration
method is used to calculate the flutter speed for a two-dimen-
sional cascade of airfoils. Separate frequency domain flutter
calculations are also made using the same time-marching aero-
dynamic solver with harmonically oscillating blades. The
validity of the time domain method is demonstrated, at least
for linear flows. Two examples are considered. In the first,
each blade is assumed to have only a pitching degree of free-
dom. In the second example, each blade has two degrees of
freedom. The airfoil shape, the cascade parameters, and the
parameters in the structural model that are used in the second
example are representative of the SR5 propfan.2

Formulation
The aerodynamic and aeroelastic models used are described

briefly in the following subsections.

Aerodynamic Model
The aerodynamic model is based on the unsteady, two-di-

mensional, full-potential equation. The governing equation
for irrotational, isentropic flow written in conservative form is

dp d(pu) d(pv)
dt dx

where

dy

dx

_
=° (1)

v = -

Here </> is the velocity potential; p*,, «„, and M^ are the
density, sonic velocity, and Mach number, respectively, all
evaluated at the inlet section.

The governing equation is transformed to the computa-
tional plane where it is discretized and solved using a finite-
volume scheme. The method of solution is a time-marching

scheme that uses approximate factorization at each time level
with quasi-Newton iterations to maintain time accuracy.

The governing equation is solved as an initial-boundary
value problem. For steady calculations, a uniform flowfield is
used as the initial condition; for unsteady calculations, the
steady flowfield is used as the initial condition. The airfoil
surfaces are treated as impermeable; that is, the normal veloc-
ity of the fluid relative to the airfoil surface is zero. This
condition of flow tangency is imposed at the instantaneous
position of the airfoil at each time step. To do this, a new grid
that conforms to the airfoil surfaces is generated at each time
step. Blade motions are thus fully accounted for using moving
grids. Wake positions are prescribed in advance; continuity of
pressure and normal velocity is then enforced across the
wakes. At the inlet and exit boundaries, characteristic
boundary conditions are used; the one-dimensional Riemann
invariant corresponding to the incoming characteristic is pre-
scribed at these boundaries based on the specified inlet/exit
conditions. The Riemann-invariant boundary conditions al-
low acoustic waves to pass through without significant reflec-
tions and serve as nonreflecting boundary conditions. Finally,
periodicity conditions are imposed across the cascade. Addi-
tional details concerning the aerodynamic model can be found
in Refs. 14 and 18.

Aeroelastic Model
The aeroelastic model for the cascade consists of a typical

section with two degrees of freedom (bending and torsion) for
each blade. Structural damping is not considered at present,
although it could be included with very little additional com-
plication. The equations of motion for each blade of the
cascade have the following form:

mh + Saa + Khh = Qh

Sah + Iaa + Kaa = Qa

(2a)

(2b)

The preceding equations can be written in matrix notation as

(3)
where

[MJ =

*"'m-
where co/, and coa are the uncoupled natural frequencies for
bending and torsion, respectively; xa is the distance between
the elastic axis and center of mass in semichord units; xa is the
radius of gyration about the elastic axis in semichord units;
and b is the airfoil semichord.

Flutter Analysis
The methods of flutter analysis in the frequency domain

and the time domain are described briefly in the following
subsections.

Frequency Domain Method
In the frequency domain method, the blade displacements

are assumed to be harmonic functions of time and blade
number:

[ X ] = /i =0, 1, 2, . . . , 7 V - 1 (4)

where N is the number of blades in the cascade, and n is a
blade index. Further, the aerodynamic loads are assumed to be
linear functions of the displacements:

Qh= (5a)
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(5b)
or

where p is the mass ratio and [A ] is the matrix of frequency
domain unsteady aerodynamic coefficients:

(A] =

The aeroelastic equations yield an eigenvalue problem (for
each blade):

[K] ~ '[M] + {ATJ = (6)

For a tuned cascade, in which all blades are identical (and thus
have identical values of structural parameters), the same ei-
genvalue problem is obtained for each blade. Hence, it is
sufficient to solve this problem for just one of the blades. The
two eigenvalues obtained from the solution are generally com-
plex. The imaginary part of the eigenvalue determines the
stability of the system; the system is said to flutter if the
imaginary part of either eigenvalue is nonpositive.

The frequncy domain aerodynamic coefficients (lhh, lha,
etc.) are obtained from the unsteady full-potential solver as
follows. To begin, a steady flowfield is obtained for the given
cascade geometry (stagger angle 6 and gap-to-chord ratio s/c)
and specified inlet Mach number M^. Starting with this steady
flowfield, the airfoil motions are specified as sinusoidal varia-
tions in time with a fixed phase angle between adjacent blades:

Plunging:

Pitching:

h - HQ sin(/:cM00r + n a)

+ ft a), n = 0, 1, 2, . . . , TV — 1

where kc is the reduced frequency based on airfoil chord and
r is a nondimensional time.

After the initial transients have decayed, the lift and mo-
ment coefficients show a sinusoidal variation. The variation of
the lift and moment coefficients is recorded as a function of
time. This time history is then decomposed into Fourier com-
ponents to obtain the complex frequency domain aerodynamic
coefficients. This procedure is done separately for each blade
motion — plunging and pitching. It must then be repeated for
each possible value of interblade phase angle; however, in
practice, only a few are investigated. For a cascade with TV
blades, the values of interblade phase angle at which flutter
can occur are given19 as

a - 2-xj/N, j = 0, 1, 2, . . . , TV - 1 (7)

In general, computations are made using a number of blade
passages equal to the number of blades in the cascade. Peri-
odic boundary conditions are applied at the upper and lower
boundaries of the cascade. However, there are some situations
when it is possible to reduce the number of passages used in
the calculations. For unsteady flows in which all the blades
have the same periodic motion (zero interblade phase angle),
blade-to-blade periodicity of flow variables exists naturally.
Hence, only a single blade passage is used in the computa-
tions; periodicity conditions are imposed at the upper and
lower boundaries of the blade passage. For periodic motions
with the a nonzero interblade phase angle, it is occasionally
possible to reduce the number of blade passages used in the
calculations depending on the value of the interblade phase
angle. For instance, computations with the phase angle
a = 180 deg can be made in two passages, computations with

phase angles a = 120 or 240 deg can be made in three passages,
and so on. Except for the special cases of the type mentioned
here, it is necessary to use a number of passages equal to the
number of blades in the cascade (N). The preceding discussion
is applicable only when the motion of the blades is known in
advance. In the time domain method, since the motion of the
blades is not known beforehand, it is necessary to always
include all TV passages in the calculations.

For small amplitudes of motion, the aerodynamic forces CL
and CM are linearly related to the amplitude of motion. The
present calculations are restricted to this linear range of aero-
dynamic response. To ascertain this, selected calculations were
repeated with the amplitude of motion reduced in half. No
change in the aerodynamic derivatives (lhh, lha, etc.) was ob-
served; this indicated that the amplitudes selected were small
enough to ensure a linear aerodynamic response.

Time Domain Method
In the time domain method, the equations of motion for all

blades are integrated in time. The initial conditions are the
steady flowfield and a small initial disturbance applied to the
blades in the cascade. The aeroelastic equation for a single
blade can be rewritten as

1 (8)

where the primes indicate differentiation with respect to non-
dimensional time T and V* is the reduced velocity; the aerody-
namic loads are expressed in terms of the lift and moment
coefficients CL and CM, respectively; and the steady values CL
and CM are subtracted out:

1 '

The aeroelastic equations are integrated by a method of con-
stant average acceleration20; this is sometimes referred to as
the trapezoidal rule. Equation (8) is discretized as follows:

T + AT= [F}T (9)

where the subscripts r and r + AT denote time levels and it is
assumed that

The initial conditions required to begin the time-integration
procedure are described in the following section together with
the results.

A two-dimensional cascade aeroelasticity program, based
on the formulations presented earlier, has been developed. A
flowchart of the program setup is shown in Fig. 1.

Results
Results are presented for two examples. The first one is a

single-degree-of-freedom (pitching) example, which is similar
to a case considered in Refs. 18 and 21. The second example is
a two-degree-of-freedom case with geometric and structural
parameters corresponding to the SR5 profan.22 Results from
both frequency domain and time domain methods are pre-
sented for these two examples.

Single-Degree-of-Freedom Example
A cascade with nine blades is considered; the stagger angle

6 is 45 deg, and the gap-to-chord ratio s/c is 1.0. The struc-
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Fig. 1 Setup of computational aeroelasticity program.
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Fig. 2 First starting procedure, blade motions for reduced velocity
V* = 9.0 and 13.0.

tural model for each blade is simplified to a single-degree-of-
freedom pitching airfoil with elastic axis at the leading edge.
The mass ratio is p = 100, and the radius of gyration is ra = 1.
The airfoil is a flat plate, and the Mach number is 0.5 at the
inlet. The //grid used in the calculations has 41 points in the
stream wise direction and 21 points in the transverse direction
in each blade passage; the grid points are distributed nonuni-
formly in both directions. The nondimensional time step used
is 0.06.

To begin, a frequency domain solution is obtained. For this
single-degree-of-freedom system, the stability is determined
entirely by the sign of the imaginary part (component out of
phase with motion) of the moment coefficient; flutter is said
to occur if Im(/aa) > 0. For a cascade with nine blades, the
values of interblade phase angle that can be present at flutter
are 0, 40, 80, . . . , 320 deg [see Eq. (7)]. A reduced frequency
kc is selected and the airfoils are forced in a pitching motion.
The moment coefficient is calculated at each time step. A
Fourier decomposition of the moment coefficient variation
yields a complex vlaue of laa. This is repeated for each of the

-0.2 200 400 600 800

Nondimensional time, T

1000

Fig. 3 First starting procedure, blade motions for phase angle of
forced motion a = 40 and 320 deg.

nine values of a. The highest value (lowest negative value) of
Im { l a a } corresponds to the most unstable (critical) phase an-
gle. If all the values of lm[laa] are negative, then the system
is stable at the selected kc. A lower value of kc is selected, and
the process is repeated until the Im { l a a } corresponding to the
critical interblade phase angle changes sign from negative to
positive. For the problem considered here, the value of re-
duced frequency at flutter is kc = 0.238, the critical phase
angle is a = 320 deg, and the frequency ratio is u/o;a = 1.33.

Next, a time domain solution is obtained for the same ex-
ample. Two different starting procedures are considered.

In the first procedure,23 all the blades are oscillated in a
sinusoidal motion with a specified interblade phase angle. The
blade displacements and velocities and the flow variables at
the end of the two cycles of oscillations are used as the initial
conditions for the time-integration procedure. A reduced ve-
locity V* is selected and the aeroelastic equations are inte-
grated in time to obtain the blade motions. The amplitude of
oscillations grows or decays depending on the value of reduced
velocity V*. In this procedure, the blade motion is initially
confined to the specific phase angle selected in the initial
condition. Concequently, the stability of the cascade can be
determined for the phase angle selected in the starting proce-
dure.

Figure 2 illustrates this starting procedure for two values of
reduced velocity, V* = 9.0 and 13.0. The interblade phase
angle of the forced motion is o = 320 deg, which is the critical
value obtained in the frequency domain analysis. Only the
motion of one blade is shown. The motions of the remaining
eight blades are similar, except that adjacent blades are dis-
placed along the time axis by a time interval corresponding to
320 deg. It can be seen that V* = 9.0 results in a decay in the
amplitude of blade oscillations, whereas V* = 13.0 leads to
growing oscillations; the value of reduced velocity for neutral
stability lies somewhere between these values.

To investigate the stability and behavior at some other
interblade phase angle, calculations were started from a forced
motion with o = 40 deg; a frequency domain analysis has
shown that this phase angle corresponds to a stable condition.
Figure 3 illustrates the results of the first starting procedure
for two values of interblade phase angle (of forced motion)
o = 40 and 320 deg; the reduced velocity is V* = 13.0. Once
again, the response of only one of the nine blades is shown.
The response for o = 320 deg, shown earlier in Fig. 2, is
repeated for comparison purposes. The blade motion for
o = 40 deg initially shows an oscillatory decay. However, at
large values of nondimensional time, the amplitude of oscilla-
tions is seen to grow. A careful study of the results reveals the
following. The blade motion was initially forced with a phase
angle of 40 deg. After being released, the blade motion shows
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the same phase angle for some time; since this phase angle
corresponds to stable motion, the amplitude decays. Then a
transient behavior is observed near r = 450. Following this,
the blade motion changes to a phase angle of 320 deg; since
a = 320 deg represents an unstable condition, the amplitude of
oscillations grows. This clearly shows that the short time re-
sponse of the blades is dominated by the phase angle used in
the initial conditions. The long time response, on the other
hand, is dominated by the most unstable phase angle.

A second starting procedure was developed to take advan-
tage of the observation that the least stable phase angle mode
dominates the long-term response, irrespective of which phase
angle is used in the initial conditions. In this second proce-
dure, the blades are not oscillated in a forced motion. Instead,
initial displacements and velocities are zero for all but one
blade; the center blade is given a small initial velocity and a
zero initial displacement. Unlike the first procedure, these
initial conditions do not correspond to a sinusoidal motion
with a specific interblade phase angle. Consequently, the blade
displacements obtained from this procedure can be used to
determine the stability of the cascade for all possible in-
terblade phase angles since no specific phase angle is used in
the starting procedure. This procedure eliminates the need to
check the stability for each phase angle separately and is
therefore preferable to the first procedure.

To demonstrate the second starting procedure, calculations
are made with two values of reduced velocity V* = 9.0 and
13.0. Only one of the nine blades (the center blade) is given a
small initial velocity. All the other initial blade displacements

0.10

•',•' '• •, •', :• •',', •'•:, .1:' * •";%,
^l^f^
^ ' J v v v v ' v i v - ; • ; ¥ ¥ ' # \

-o.io
0 300 600 900 1200 1500

Nondimensional time, T
Fig. 4 Second starting procedure, blade motions for reduced
velocity K* = 9.0 and 13.0.
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Fig. 5 Calculated values of interblade phase angle a for reduced
velocity K* = 9.0 and 13.0.

and velocities are zero. The response of the blade with the
nonzero initial velocity is shown in Fig. 4. The motion of the
other eight blades is not shown due to space limitations.
Instead, the displacement of each blade is curve fitted as a
function of time during the last two cycles of oscillation. The
model used in the curve fit is

COS(WIT + b\) (10)

The difference between the values of the coefficient b\ for
adjacent blades gives the interblade phase angle. The value of
this interblade phase angle for all the nine blades in the cas-
cade is shown in Fig. 5 for both the values of reduced velocity.
For K* = 9.0 and 13.0, the average value of interblade phase
angle calculated is 320 deg with a standard deviation of 2.1
and 2.4 deg, respectively. Thus it is clear that the time domain
method predicts the same value of interblade phase angle as
the frequency domain method. It is interesting to observe that
the time domain method predicts the phase angle correspond-
ing to the most unstable motion for both stable and unstable
motions.

The blade-to-blade variation in the phase angle seen in Fig.
5 is a result of the presence of other interblade phase angle
modes that have not damped out completely. The choice of
initial conditions (small disturbance velocity given to one
blade) is such that all interblade phase angle modes are excited
initially. As time passes, a redistribution of the energy takes
place between the different modes because energy is given to
(or taken from) the fluid stream at different rates. The stable
modes give up their energy whereas the unstable modes absorb
energy. After a very long time, the stable modes will be com-
pletely damped out; if all the modes are stable, then the
cascade will come to rest. If one mode is unstable, all the
motion will be confined to that interblade phase angle mode.
It is noted that the time domain solutions simulate experimen-
tal observations to the following extent. In both cases, some
nonuniformity in the fluid stream results in all phase angle
modes being excited, and subsequently the motion of the
blades (at flutter) shows some blade-to-blade variation in the
interblade phase angle.

The values of the damping coefficient c\ [in Eq. (10)] ob-
tained for V* = 9.0 and 13.0 are used to linearly interpolate to
a condition of neutral stability. The value of reduced velocity
at flutter is calculated to be K* = 11.9, and the nondimen-
sional frequency at flutter is found to be fi = 0.118.

To compare the results at flutter from the time domain and
frequency domain methods, the values of reduced velocity K*
and nondimensional frequency fl are used together with the
inlet Mach number M& to calculate the values of reduced
frequency kc = 0.235 and frequency ratio oo/ua = 1.40. A com-
parison with the corresponding values obtained from the fre-
quency domain method, kc = 0.238 and oo/o;a=1.33, shows
that the results agree closely. Similarly, the values of reduced
frequency kc = 0.235 and frequency ratio co/coa= 1.40. A com-
parison with the corresponding values obtained from the fre-
quency domain method, kc= 0.238 and co/coa=1.33, shows
that the results agree closely. Similarly, the values of reduced
frequency kc and frequency ratio w/coa obtained from the
frequency domain method can be used together with the inlet
Mach number to calculate the reduced velocity K* = 11.2 and
nondimensional frequency Q = 0.119. Once again, a compari-
son with the corresponding values from the time domain
method, K* = 11.9 and fi = 0.118, shows good agreement.
Table 1 summarizes the results obtained from both the time
domain and frequency domain methods for the single-degree-
of-freedom example considered here.

All the computations described previously were performed
on a Cray X-MP computer. Each of the time domain solutions
shown in Fig. 4 required approximately 1800 CPU s; this
corresponds to about 90 s per cycle of blade oscillation. For
the frequency domain analysis (in which the blades were
forced in simple harmonic oscillations), calculations were car-
ried out for three cycles of blade oscillations to allow nonperi-
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Table 1 Flutter results for single-degree-of-freedom example
(cascade with nine blades)

Parameter
Interblade phase angle a, deg
Reduced frequency kc
Frequency ratio «/coa
Reduced velocity V*
Nondimensional frequency ft

Frequency
domain

320
0.238
1.33
11.2

0.119

Time
domain

320
0.235
1.40
11.9

0.118

odic transients to decay. The total computational time for all
nine values of phase angle was approximately 1800 s.

Two-Degree-of-Freedom Example
The example considered is a cascade with five blades. The

geometric and structural parameters used correspond to the
SR5 propfan.22 The cascade stagger angle 6 is 10.7 deg and the
gap-to-chord ratio s/c is 1.85. The airfoil section is a NACA
16 series with a thickness-to-chord ratio of 0.03 and a design
lift coefficient of 0.3; the Mach number at the inlet section is
0.7. The structural model for each blade is a typical section
(pitching and plunging) with elastic axis at the leading edge.
The mass ratio is /x = 115 (appropriate for a solid metal blade),
the radius of gyration is ra= 1.076, the offset between elastic
axis and center of mass is xa = 0.964, and the ratio of uncou-
pled natural frequencies in bending and torsion is uh/ua =
0.567. The grid used in the calculations has 49 points in the
streamwise direction and 31 points in the transverse direction
in each blade passage; the grid points are distributed nonuni-
formly in both directions. The nondimensional time step used
is 0.1.

A frequency domain solution is obtained as follows. Start-
ing with the steady flowfield, a value of reduced frequency kc
is selected and the airfoils are forced in a plunging motion with
a specified interblade phase angle a until the flowfield be-
comes periodic in time. The lift and moment coefficients are
calculated at each time step and stored; these are later decom-
posed into Fourier components. This procedure is repeated for
pitching motion. In this way, all four frequency domain aero-
dynamic coefficients [lhh, lha, etc., in Eq. (5)] corresponding to
the specified values of reduced frequency, and phase angle are
determined. The eigenvalue problem given by Eq. (6) is now
solved. The imaginary part of the eigenvalue determines the
stability; the system is stable for the selected values of kc and
o if the imaginary part of both eigenvalues is positive. The
preceding steps are then repeated for the remaining values of
a. For a cascade with five blades, the five values of interblade
phase angle that can be present at flutter are 0, 72, 144, 216,
and 288 deg [see Eq. (7)]. If the cascade is found to be stable
at all interblade phase angles, then a lower value of reduced
frequency kc is selected. This is continued until the imaginary
part of one of the eigenvalues changes sign (from positive to
negative). For the present example, the reduced frequency at
flutter is found to be kc— 0.225, the critical phase angle is
a = 288 deg, and the frequency ratio is w/aja = 0.611. Figure 6
is a phase plot showing all 10 eigenvalues, 2 for each of the 5
values of phase angle, at kc = 0.225. The phase angles are
indicated next to the data points. It can be seen that the
eigenvalues fall into two groups. In the group at the lower
frequency, the most unstable phase angle is o = 288 deg. How-
ever, in the other group (at the higher frequency), the in-
terblade phase angle a = 0 deg is seen to be equally unstable.
Even though the two phase angle modes become unstable at
the same value of reduced frequency (c^c/M^a^), the corre-
sponding values of frequency ratio Re {co/coa) (the ordinate of
Fig. 6) differ by more than a factor of 2. Hence, the flutter
velocities of the two modes are quite different. The mode
corresponding to the lower flutter velocity (o = 288 deg) is the
more unstable mode as is demonstrated in the following time
domain approach.

Next, a time domain solution is obtained for the same
example. Only the second starting procedure (described in the
previous section) is used in these calculations.

Results are shown for two values of reduced velocity
V* =4.8 and 5.6. Only the center blade is given a small initial
pitching velocity a'. All the other blade displacements and
velocities are initially zero. Figure 7 shows the variation of the
pitching displacement of the center blade with time. The
plunging displacement for the center blade, shown in Fig. 8, is
seen to have a very similar variation. The displacements of the
remaining four blades, not presented here, are initially differ-
ent due to the unique location of each with respect to the
center blade. But beyond r = 200, the motions of all the blades
are similar, except that adjacent blades are displaced along the
time axis by an amount corresponding to a phase angle of
approximately 288 deg. The displacements h and a of all the
blades are curve fit with models of the form given in Eq. (10).
The interblade phase angle is calculated as the difference
between the values of the phase parameter b\ for adjacent
blades. The average of the phase angle calculated is 288 deg
for both V* = 4.8 and 5.6. However, the individual values of
the phase angle differ by up to 15 deg from the mean value for
V* =4.8 and up to 9 deg for V* - 5.6. The variation of the
phase angle from blade to blade is higher for this case than
was observed for the single-degree-of-freedom example. This
is because the two values of reduced velocity considered in the
present example are very close to the value for neutral stabil-
ity. Similar calculations made using higher values of reduced
velocity, not presented here, show that the variation in the
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Fig. 6 Eigenvalue plot for two-degree-of-freedom example, values
of interblade phase angle as indicated.
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Fig. 7 Pitching displacement for two-degree-of-freedom example,
reduced velocity V* =4.8 and 5.6.
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Fig. 8 Plunging displacement for two-degree-of-freedom example,
reduced velocity K* = 4.8 and 5.6.

Table 2 Flutter results for two-degrees-of-freedom example
(cascade with five blades)

Parameter
Interblade phase angle o, deg
Reduced frequency kc
Frequency ratio o>/a>a
Reduced velocity K*
Nondimensional frequency fi
Amplitude ratio hQ/o>ob

Frequency
domain

288
0.225
0.611
5.43

0.158
2.69

Time
domain

288
0.233
0.601
5.17

0.163
2.76

phase angle (from blade to blade) decreases as the reduced
velocity is increased. No significant difference is observed
between the phase angles calculated from the pitching and
plunging motions.

Once again, it is clear that the time domain method predicts
the same value of interblade phase angle as the frequency
domain method. The values of the damping coefficient Cj [in
Eq. (10)] obtained for V* = 4.8 and 5.6 are used to interpolate
to a condition of neutral stability. The value of reduced veloc-
ity at flutter is calculated to be F* = 5.17, and the nondimen-
sional frequency at flutter is found to be 0 = 0.163. A detailed
comparison of the results obtained from the time domain and
frequency domain methods is shown in Table 2. The compar-
ison reveals good agreement between the results from the two
methods.

It must be noted that the frequency domain solution showed
two phase angles (288 and 0 deg) becoming unstable at the
same reduced frequency. The values of reduced velocity corre-
sponding to these phase angles are 5.43 and 13.4, respectively.
The time domain solutions obtained here showed instability at
only the phase angle corresponding to the lower value of
reduced velocity. It is expected that time domain solutions at
the higher values of reduced velocity would contain contribu-
tions from both the phase angles. However, the lower value of
the reduced velocity is the one of practical interest. Further, it
is expected that at such a high value of reduced velocity
K* = 13.4 some of the remaining modes may be more unstable
as compared to the a. = 0 deg mode.

Each of the time domain solutions shown in Figs. 7 and 8
required approximately 4000 CPU s on the Cray X-MP; this
corresponds to about 100 s per cycle of blade oscillation. For
the frequency domain analysis (in which the blades were
forced in simple harmonic oscillations), the total computa-
tional time required for five values of phase angle and two
vibration modes was approximately 2500 s.

Concluding Remarks
A time domain method of flutter analysis has been applied

to a cascade. A two-degree-of-freedom typical section model
with pitching and plunging motions is used to represent each
blade; each blade is allowed to have an independent motion.
The aerodynamic model used is based on the two-dimensional,
unsteady full-potential equation. The governing aeroelastic
equations are integrated in time to obtain the motions of both
the fluid and the blades. For purposes of comparison, fre-
quency domain solutions are obtained separately using the
same aerodynamic model.

Two examples are used to demonstrate the time domain
method. Since the purpose of the calculations is to verify the
time domain method, linear examples are selected. In the first
example, the typical sections are restricted to only a pitching
motion. The phase angle at flutter observed in the frequency
domain solutions is accurately reproduced in the time domain
solutions. The values of other parameters, s,uch as flutter
reduced velocity and flutter reduced frequency, qbtained from
the frequency and time domain methods show good agree-
ment. In the second example, the typical sections have both
pitching and plunging motion. Once again, the results from
the two methods are in good agreement.

Even though the examples considered here are linear, the
time domain method and the full-potential solver have the
capability to model nonlinear behavior in both the structure
and flowfield. The full-potential aerodynamic model accounts
for actual blade geometry and can be applied to transonic
flows containing weak shocks. It should be noted that modern
linearized unsteady aerodynamic theories can also account for
these effects. Although the structural model used in the pre-
sent calculations is a simple typical section model, the time
domain method can also be used with more advanced struc-
tural models obtained from a finite element analysis of three-
dimensional configurations.

The time domain method has the capability to fully account
for nonlinearities in the aeroelastic model. It can be applied
without modification to mistuned systems. It allows a realistic
representation of the onset of flutter in a bladed disk when
some disturbance is encountered. Because it can deal with
finite-amplitude blade motions, the time domain method al-
lows a more complete physical understanding of the cascade
flutter phenomenon.
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